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COHOMOLOGY OF AFFINE ARTIN GROUPS AND
APPLICATIONS
FILIPPO CALLEGARO, DAVIDE MORONI, AND MARIO SALVETTI
Abstrat. The result of this paper is the determination of the oho-
mology of Artin groups of type An, Bn and A˜n with non-trivial loal
oeients. The main result (Theorem 1.1) is an expliit omputa-
tion of the ohomology of the Artin group of type Bn with oeients
over the module Q[q±1, t±1]. Here the rst (n − 1) standard genera-
tors of the group at by (−q)−multipliation, while the last one ats
by (−t)−multipliation. The proof uses some tehnial results from
previous papers plus omputations over a suitable spetral sequene.
The remaining ases follow from an appliation of Shapiro's lemma, by
onsidering some well-known inlusions: we obtain the rational oho-
mology of the Artin group of ane type A˜n as well as the ohomology
of the lassial braid group Brn with oeients in the n-dimensional
representation presented in [TYM96℄. The topologial ounterpart is
the expliit onstrution of nite CW−omplexes endowed with a free
ation of the Artin groups, whih are known to be K(π, 1) spaes in
some ases (inluding nite type groups). Partiularly simple formulas
for the Euler-harateristi of these orbit spaes are derived.
1. Introdution
Reall that for eah Coxeter group W one has a group extension GW ,
usually alled Artin group of type W (see Setion 2). In this paper we give
a detailed alulation of the ohomology of some Artin groups with non-
trivial loal oeients. Let R := Q[q±1, t±1] be the ring of two-parameters
Laurent polynomials. The main result (Theorem 1.1) is the omputation
of the ohomology of the Artin group GBn (of type Bn) with oeients in
the module Rq,t. The latter is the ring R with the module struture dened
as follows: the generators assoiated to the rst n − 1 nodes of the Dynkin
diagram of Bn at by (−q)−multipliation; the one assoiated to the last
node ats by (−t)−multipliation.
Let ϕm(q) be the m-th ylotomi polynomial in the variable q. Dene
the R-modules (m > 1, i ≥ 0)
{m}i = R/(ϕm(q), q
it+ 1).
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and for m = 1 set:
{1}i = R/(q
it+ 1).
Notie that the modules {m}i are all non isomorphi as R-modules. {m}i
and {m′}i′ are isomorphi as Q[q±1]-modules if and only if m = m′ and are
isomorphi as Q[t±1]-modules if and only if φ(m) = φ(m′) (φ is the Euler
funtion) and
m
(m,i) =
m′
(m,i′) .
Our main result is the following
Theorem 1.1.
H i(GBn , Rq,t) =

⊕
d|n, 0≤k≤d−2{d}k ⊕ {1}n−1 if i = n⊕
d|n, 0≤k≤d−2, d≤ n
j+1
{d}k if i = n− 2j⊕
d∤n, d≤ n
j+1
{d}n−1 if i = n− 2j − 1.

The proof uses the spetral sequene assoiated to a natural ltration of
the algebrai omplex exhibited in [Sal94℄, plus some tehnial results from
[DCPS01℄.
We apply Shapiro's lemma to a well known inlusion of GA˜n−1 into GBn
to derive the ohomology of GA˜n−1 over the module Q[q
±1], the ation of
eah standard generator being (−q)−multipliation.
By onsidering another natural inlusion of GBn into the lassial braid
group Brn+1 := GAn , we also use Shapiro's lemma in order to identify the
ohomology of GBn with oeients in Rq,t with that of Brn+1 with oe-
ients in the irreduible (n+ 1)−dimensional representation of Brn+1 found
in [TYM96℄, twisted by an abelian representation. We derive the trivial
Q−ohomology of GA˜n−1 as well as the ohomology of the braid group over
the irreduible representation in [TYM96℄.
Computation of the ohomology of Artin groups was done by several
people: for lassial braid groups and trivial oeients it was rst given
by F. Cohen [Coh76℄, and independently by A. Van²ten [Va78℄ (see also
[Arn68, Bri71, BS72, Fuk70℄). For Artin groups of type Cn, Dn see [Gor78℄,
while for the exeptional ases see [Sal94℄, where the Z-module struture
was given, while the ring struture was omputed in [Lan00℄. The ase of
non-trivial oeients over the module of Laurent polynomials Q[q±1] is
interesting beause of its relation with the trivial Q-ohomology of the Mil-
nor bre of the naturally assoiated bundle. For the lassial braid groups
see [Fre88, Mar96, DCPS01℄, while for ases Cn, Dn see [DCPSS99℄. For
omputations over the integral Laurent polynomials Z[q±1], see [CS98℄ for
the exeptional ases and reently [Cal06℄ for the ase of braid groups, and
[DCSS97℄ for the top ohomologies in all ases. In the ase of Artin groups
of non-nite type, some omputations were given in [SS97℄ and [CD95℄.
The omputations of Theorem 1.1 ould be partially extended to inte-
gral oeients; however, major ompliations our beause the Laurent
polynomial ring Z[q±1] is not a P.I.D..
In the last part we also indiate (see [CMS℄) an expliit onstrution of
nite CW-omplexes whih are retrats of orbit spaes assoiated to Artin
groups. The onstrution works as in [Sal94℄, with few variations neessary
for innite type Artin groups (see also [CD95℄ for a dierent onstrution).
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The Artin group identies with the fundamental group of the orbit spae, and
the standard presentation follows easily (see [Bri71, Dun83, vdL83℄). The
Euler harateristi of the orbit spae redues to that of a simpliial omplex
and in some ases one has a partiularly simple formula. It is onjetured
that suh orbit spaes are always K(π, 1) spaes; for the ane groups, this is
known in ase A˜n, C˜n (see [Oko79, CP03℄) and reently also for B˜n ([CMS1℄)
(see also [CD95℄ for a dierent lass of Artin groups of innite type).
Notie also the geometrial meaning of the two-parameters ohomology
of GBn : similar to the one-parameter ase, it is equivalent to the trivial
ohomology of the homotopy-Milnor bre assoiated to the natural map of
the orbit spae onto a two-dimensional torus.
The main results of this paper were announed (without proof) in [CMS℄.
2. Preliminary results
In this setion we briey x the notation and reall some preliminary
results.
2.1. Coxeter groups and Artin groups. A Coxeter graph is a nite undi-
reted graph, whose edges are labelled with integers ≥ 3 or with the symbol
∞.
Let S be the vertex set of a Coxeter graph. For every pair of verties
s, t ∈ S (s 6= t) joined by an edge, dene m(s, t) to be the label of the edge
joining them. If s, t are not joined by an edge, set by onvention m(s, t) = 2.
Let also m(s, s) = 1 (see [Bou68, Hum90℄).
Two groups are assoiated to a Coxeter graph: the Coxeter group W
dened by
W = 〈s ∈ S | (st)m(s,t) = 1 ∀s, t ∈ S suh that m(s, t) 6=∞〉
and the Artin group G dened by (see [BS72℄):
G = 〈s ∈ S | stst . . .︸ ︷︷ ︸
m(s,t)−terms
= tsts . . .︸ ︷︷ ︸
m(s,t)−terms
∀s, t ∈ S suh that m(s, t) 6=∞〉.
Loosely speaking, G is the group obtained by dropping the relations s2 = 1
(s ∈ S) in the presentation for W .
In this paper, we are primarily interested in Artin groups assoiated to
Coxeter graph of type An, Bn and A˜n−1 (see Figure 1).
2.2. Inlusions of Artin groups. Let Brn+1 := GAn be the braid group
on n + 1 strands and Brn+1n+1 < Brn+1 be the subgroup of braids xing the
(n + 1)-st strand. The group Brn+1n+1 is alled the annular braid group. Let
Kn+1 = {p1, . . . , pn+1} be a set of n + 1 distint points in C. The lassial
braid group Brn+1 = GAn an be realized as the fundamental group of the
spae of unordered ongurations of n+ 1 points in C with basepoint Kn+1
(see the left part of Figure 2), with K6 = {1, . . . , 6}). We an now think
to the subgroup Brn+1n+1 < Brn+1 as the fundamental group of the spae of
unordered ongurations of n points in C∗: in fat if we take pn+1 = 0 and
pi ∈ S
1 ⊂ C for i ∈ 1, . . . , n, sine for a braid β ∈ Brn+1n+1 the orbit of the
(n + 1)-st point an be thought onstant, up to homotopy, we an think to
β as a braid with n strands in the anulus (see the right part of Figure 2).
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σn
σ˜2
σ˜3
σ˜1
A˜n−1
ǫ1 ǫ2
4
Bn
ǫn−1
σ1 σ2 σn−1
An
σ˜n−1
σ˜n
ǫ¯n
Figure 1. Coxeter graph of type An, Bn (n ≥ 2) and A˜n−1
(n ≥ 3). Labels equal to 3, as usual, are not shown. More-
over, to x notation, every vertex is labelled with the orre-
sponding generator in the Artin group.
43
43
3 4
2 5
1
2
1
5
1 2 5 6
Figure 2. A braid in Br66 represented as an annular braid
on 5 strands.
It is well known that the annular braid group is isomorphi to the Artin
group GBn of type Bn. For a proof of the following Theorem see [Cri99℄ or
[Lam94℄.
Theorem 2.1. Let σ1, . . . , σn and ǫ1, . . . , ǫn−1, ǫ¯n be respetively the stan-
dard generators for GAn and GBn . Then, the map
GBn → Br
n+1
n+1 < Brn+1
ǫi 7→ σi for 1 ≤ i ≤ n− 1
ǫ¯n 7→ σ
2
n
is an isomorphism. 
Using the suggestion given by the identiation with the annular braid
group, a new interesting presentation for GBn an be worked out. Let τ =
ǫ¯nǫn−1 · · · ǫ2ǫ1. It is easy to verify that:
τ−1ǫiτ = ǫi+1 for 1 ≤ i < n− 1
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Figure 3. As an annular braid the element τ is obtained
turning the bottom annulus by a rotation of 2π/n.
i.e. onjugation by τ shifts forward the rst n− 2 standard generators. By
analogy, let ǫn = τ
−1ǫn−1τ . We have the following
Theorem 2.2 ([KP02℄). The group GBn has presentation 〈G|R〉 where
G ={τ, ǫ1, ǫ2, . . . , ǫn}
R ={ǫiǫj = ǫjǫi for i 6= j − 1, j + 1}∪
{ǫiǫi+1ǫi = ǫi+1ǫiǫi+1}∪
{τ−1ǫiτ = ǫi+1}
where are all indexes should be onsidered modulo n. 
Letting σ˜1, σ˜2, . . . , σ˜n be the standard generator of the Artin group of type
A˜n−1, we have the following straightforward orollary:
Corollary 2.3 ([KP02℄). The map
GA˜n−1 ∋ σ˜i 7→ ǫi ∈ GBn
gives an isomorphism between the group GA˜n−1 and the subgroup of GBn ge-
nerated by ǫ1, . . . , ǫn. Moreover, we have a semidiret produt deomposition
GBn
∼= GA˜n−1 ⋊ 〈τ〉. 
We have thus a urious inlusion of the Artin group of innite type A˜n−1
into the Artin group of nite type Bn.
Remark 2.4. The proof of Theorem 2.2 presented in the original paper is
algebrai and based on Tietze moves; a somewhat more oinise proof an
however be obtained by standard topologial onstrutions. Indeed, one an
exhibit an expliit innite yli overing K(GA˜n−1 , 1) → K(GBn , 1) (see
[All02℄).
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2.3. (q, t)-weighted Poinaré series for Bn. For future use in ohomol-
ogy omputations, we are interested in a (q, t)-analog of the usual Poinaré
series for Bn, that is an analog of the Poinaré series with oeients in the
ring R = Q[q±1, t±1] of Laurent polynomials. This result and similar ones
are studied in [Rei93℄, to whih we refer for details. We also use lassial
results from [Bou68, Hum90℄ without further referene.
Consider the Coxeter group W of type Bn with its standard generating
reetions s1, s2, . . . , sn. For w ∈ W , let n(w) be the number of times sn
appears in a redued expression for w. By standard fats, n(w) is well-
dened.
We dene the (q, t)-weighted Poinaré series for the Coxeter group of type
Bn as the sum
W (q, t) =
∑
w∈W
qℓ(w)−n(w)tn(w),
where ℓ is the length funtion.
We reall some notation. We dene the q-analog of the number m by the
polynomial
[m]q := 1 + q + · · · q
m−1 =
qm − 1
q − 1
.
Notie that [m] =
∏
i|m, i 6=1 ϕm(q), where we denote with ϕm(q) the m-th
ylotomi polynomial in the variable q. Moreover we dene the q-fatorial
analog [m]q! as the produt
m∏
i=1
[i]q
and the q-analog of the binomial
(
m
i
)
as the polynomial[
m
i
]
q
:=
[m]q!
[i]q![m− i]q!
.
We an also dene the (q, t)-analog of an even number
[2m]q,t := [m]q(1 + tq
m−1)
and of the double fatorial
[2m]q,t!! :=
m∏
i=1
[2i]q,t = [m]q!
m−1∏
i=0
(1 + tqi).
Finally, we dene the polynomial[
m
i
]′
q,t
:=
[2m]q,t!!
[2i]q,t!![m− i]q!
=
[
m
i
]
q
m−1∏
j=i
(1 + tqj).
Proposition 2.5 ([Rei93℄).
W (q, t) = [2n]q,t!!.
Proof. Consider the paraboli subgroup WI assoiated to the subset of re-
etions I = {s1, . . . , sn−1}. Notie that WI is isomorphi to the symmetri
group on n letters An−1 and that it has index 2
n
in Bn. Let W
I
be the set of
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minimal oset representatives for W/WI . Then, by multipliative properties
on redued expressions:
W (q, t) =
∑
w∈W
qℓ(w)−n(w)tn(w)
=
( ∑
w′∈W I
qℓ(w
′)−n(w′)tn(w
′)
)
·
( ∑
w′′∈WI
qℓ(w
′′)−n(w′′)tn(w
′′)
)
.(2.1)
Clearly, for elements w′′ ∈ WI , we have n(w
′′) = 0; so the seond fator in
(2.1) redues to the well-known Poinaré series for An−1:∑
w′′∈WI
qℓ(w
′′)−n(w′′)tn(w
′′) = [n]q!.
To deal with the rst fator, instead, we expliitly enumerate the elements
of W I . Let pi = sisi+1 · · · sn for 1 ≤ i ≤ n. Then, it an be easily veried
that W I = {pirpir−1 · · · pi2pi1 | i1 < i2 < · · · < ir−1 < ir}. Notie that
n(pirpir−1 · · · pi2pi1) = r and ℓ(pirpir−1 · · · pi2pi1) =
∑r
j=1 ℓ(pij ) =
∑r
j=1(n+
1− ij). Thus, ∑
w′∈W I
qℓ(w
′)−n(w′)tn(w
′) =
n−1∏
i=0
(1 + tqi).
Finally,
W (q, t) =
( n−1∏
i=0
(1 + tqi)
)
[n]q! = [2n]q,t!!.

3. The ohomology of GBn
3.1. Proof of the Main Theorem. In this Setion we prove Theorem 1.1
enuniated in the introdution. We use the notations given in the Introdu-
tion.
To perform our omputation we will use the omplex disovered in [Sal94℄,
[DCS96℄ (notie: an equivalent omplex was disovered by dierent methods
in [Squ94℄), and the spetral sequene indued by a natural ltration.
The omplex that omputes the ohomology of GBn over Rq,t is given as
follows (see [Sal94℄):
C∗n =
⊕
Γ⊂In
R.Γ
where In denote the set {1, . . . , n} and the graduation is given by | Γ |.
The set In orresponds to the set of nodes of the Dynkin diagram of Bn
and in partiular the last element, n, orresponds to the last node.
It is useful to onsider also the omplex C
∗
n for the ohomology of GAn
on the loal system Rq,t. In this ase the ation assoiated to a standard
generator is always the (−q)-multipliation and so the omplex C
∗
n and its
ohomology are free as Q[t±]-modules. The omplex C
∗
n is isomorphi to C
∗
n
as a R-module. In both omplexes the oboundary map is
(3.1) δ(q, t)(Γ) =
∑
j∈In\Γ
(−1)σ(j,Γ)
WΓ∪{j}(q, t)
WΓ(q, t)
(Γ ∪ {j})
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where σ(j,Γ) is the number of elements of Γ that are less than j. In the ase
An WΓ(q, t) is the Poinaré polynomial of the paraboli subgroup WΓ ⊂ An
generated by the elements in the set Γ, with weight −q for eah standard
generator, while in the ase Bn WΓ(q, t) is the Poinaré polynomial of the
paraboli subgroup WΓ ⊂ Bn generated by the elements in the set Γ, with
weight −q for the rst n− 1 generators and −t for the last generator.
Using Proposition 2.5 we an give an expliit omputation of the oef-
ients
WΓ∪{j}(q,t)
WΓ(q,t)
. For any Γ ⊂ In, let Γ be the subgraph of the Dynkin
diagram Bn whih is spanned by Γ. Reall that if Γ is a onneted ompo-
nent of the Dynkin diagram of Bn without the last element, then
WΓ(q, t) = [m+ 1]q!,
where m =| Γ |. If Γ is onneted and ontains the last element of Bn, then
WΓ(q, t) = [2m]q,t!!,
where m =| Γ |.
If Γ is the union of several onneted omponents of the Dynkin diagram,
Γ = Γ1 ∪ · · · ∪ Γk, then WΓ(q, t) is the produt
k∏
i=1
WΓi(q, t)
of the fators orresponding to the dierent omponents.
If j /∈ Γ we an write Γ(j) for the onneted omponent of Γ ∪ {j} on-
taining j. Suppose that m =| Γ(j) | and i is the number of elements in Γ(j)
greater than j. Then, if n ∈ Γ(j) we have
WΓ∪{j}(q, t)
WΓ(q, t)
=
[
m
i
]′
q,t
and
WΓ∪{j}(q, t)
WΓ(q, t)
=
[
m+ 1
i+ 1
]
q
otherwise.
It is onvenient to represent generators Γ ⊂ In by their harateristi
funtions In → {0, 1} so, simply by strings of 0s and 1s of length n.
We dene a dereasing ltration F on the omplex (C∗n, δ): F
sCn is the
subomplex generated by the strings of type A1s (ending with a string of s
1s) and we have the inlusions
Cn = F
0Cn ⊃ F
1Cn ⊃ · · · ⊃ F
nCn = R.1
n ⊃ Fn+1Cn = 0.
We have the following isomorphism of omplexes:
(3.2) (F sCn/F
s+1Cn) ≃ Cn−s−1[s]
where Cn−s−1 is the omplex for GAn−s−1 and the notation [s] means that
the degree is shifted by s. Let E∗ be the spetral sequene assoiated to
the ltration F . The equality 3.2 tells us how the E1 term of the spetral
sequene looks like. In fat for 0 ≤ s ≤ n− 2 we have
(3.3) Es,r1 = H
r(GAn−s−1 , Rq,t) = H
r(GAn−s−1 ,Q[q
±1]q)[t
±1]
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sine the t-ation is trivial. For s = n − 1 and s = n the only non trivial
elements in the spetral sequene are
(3.4) En−1,01 = E
n,0
1 = R.
In order to prove Theorem 1.1 we need to state the following lemmas.
Lemma 3.1. Let I(n, k) be the ideal generated by the polynomials[
n
n− d
]′
q,t
for d | n and d ≤ k
If k | n the map
αn,k : R/(ϕk(q))→ R/I(n, k − 1)
indued by the multipliation by
[
n
n− k
]′
q,t
is well dened and is injetive.
Remark. The fat that this map is well dened will follow automatially
from the general theory of spetral sequenes, as it is lear from the proof of
Theorem 1.1. However, below we prove it by other means.
Proof. Let d, k be positive integers suh that d | n and k | n. We an observe
that ϕd(q) |
[
n
k
]
q
=
[
n
n− k
]
q
if and only if d ∤ k. Moreover eah fator
ϕd appears in
[
n
k
]
q
at most with exponent 1.
Let J(n, k) be the ideal generated by the polynomials
[
n
n− d
]
q
for d | n
and d ≤ k. It is easy to see that we have the following inlusion:
n−1∏
i=n−k
(1 + tqi)J(n, k) ⊂ I(n, k).
Moreover J(n, k) is a prinipal ideal and is generated by the produt
pn,k(q) =
∏
d|n,k<d
ϕd(q).
It follows that
[
n
n− k
]
q
ϕk(q) ∈ J(n, k − 1) and so
[
n
n− k
]′
q,t
ϕk(q) ∈
I(n, k − 1). This proves that the map αn,k is well dened.
Now we notie that the fator ϕk(q) divides eah generator of I(n, k− 1),
but does not divide
[
n
n− k
]′
q,t
. This imply that αn,k is not the zero map
and that every polynomial in the kernel of αn,k must be a multiple of ϕk(q),
hene the map must be injetive. 
Lemma 3.2. Let I(n) be the ideal generated by the polynomials[
n
n− d
]′
q,t
for d | n
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Then I(n) is the diret produt of the ideals Ii,d = (ϕd(q), q
it + 1) for d | n
and 0 ≤ i ≤ d − 2 and of the ideal In−1 = (q
n−1t + 1). Moreover the ideals
Ii,d and In−1 are pairwise oprime.
Proof: Notie that the polynomial (1+ tqn−1) divides eah generator of the
ideal I(n), so we an write
I(n) = (1 + tqn−1)I˜(n)
where I˜(n) is the ideal generated by the polynomials
˜[ n
n− d
]′
q,t
:=
[
n
n− d
]′
q,t
/(1 + tqn−1)
Let n = d1 > · · · > dh = 1 be the list of all the divisors of n in dereasing
order. If we set
Pi :=ϕdi(q) and
Qi :=
di∏
j=di+1+1
(1 + tqn−j)
we an rewrite our ideal as
I˜(n) =
([
n
n− dh
]
,
[
n
n− dh−1
]
Qh−1,
[
n
n− dh−2
]
Qh−2Qh−1, . . .
. . . ,
[
n
n− d2
]
Q2 · · ·Qh−1, Q1 · · ·Qh−1
)
(3.5)
We laim that we an redue to the following set of generators:
I˜(n) = (P1 · · ·Ph−1, P1 · · ·Ph−2Qh−1, P1 · · ·Ph−3Qh−2Qh−1 . . .
. . . , P1Q2 · · ·Qh−1, Q1 · · ·Qh−1)
(3.6)
The rst generator is the same in both equations and the j-th generator in
Equation 3.6 divides the orresponding generator in Equation 3.5. Now sup-
pose that a fator ϕm(q) divides
[
n
n− dj
]
but does not divide P1 · · ·Pj−1.
We may distinguish two ases:
i) Suppose that m ∤ n. Then we an get rid of the fator ϕm(q) in[
n
n− dj
]
with an opportune ombination with the polynomial
P1 · · ·Ph−1
ii) Suppose m | n. Then m = dl for some l > j and we an get rid of
ϕm(q) using a suitable ombination with the polynomial
P1 · · ·Pl−1Ql · · ·Qh−1
We may now proeed indutively. Supposing we have already redued the
rst j− 1 terms, we an redue the j-th term of the ideal in Equation 3.5 to
the orresponding term in Equation 3.6.
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Now we observe that if J, I1, I2 are ideals and I1+I2 = (1), then (J, I1I2) =
(J, I1)(J, I2). Sine the polynomials Pi are all oprime, we an apply this
fat to the ideal I˜(n) h− 2 times. At the i-th step we set
I1 = (Pi),
I2 = (Pi+1 · · ·Ph−1, Pi+1 · · ·Ph−2Qh−1, . . . , Qi+1 · · ·Qh−1),
J = (Qi · · ·Qh−1).
So we an fator I˜(n) as
(P1, Q1 · · ·Qh−1)(P2 · · ·Ph−1, P2 · · ·Ph−2Qh−1, Q2 · · ·Qh−1) = · · ·
· · · = (P1, Q1 · · ·Qh−1)(P2, Q2 · · ·Qh−1) · · · (Ph−1, Qh−1).
Finally we an split (Ps, Qs · · ·Qh−1) as the produt
(Ps, 1 + tq
n−ds) · · · (Ps, 1 + tq
n−dh−1).
So we have redued the ideal I(n) in the produt stated in the Lemma and
it is easy to hek that all the ideals of the splitting are oprime. 
Proof of Theorem 1.1. We an now prove our Theorem using the spetral
sequene desribed in the Equations 3.3 and 3.4.
We introdue, as in [DCPS01℄, the following notation for the generators
of the spetral sequene:
wh = 01
h−20
zh = 1
h−10 + (−1)h01h−1
bh = 01
h−2
ch = 1
h−1
zh(i) =
i−1∑
j=0
(−1)hjwjhzhw
i−j−1
h
vh(i) =
i−2∑
j=0
(−1)hjwjhzhw
i−j−2
h bh + (−1)
h(i−1)wi−1h ch
We write {m}[t±1] for the module R/(ϕm(q)). The E1-term of the spetral
sequene has a module {m}[t±1] in position (s, r) if and only if one of the
following ondition is satised:
a)m | n− s− 1 and r = n− s− 2n−s−1
m
;
b)m | n− s and r = n− s+ 1− 2(n−s
m
).
Moreover we have modules R in position (n−1, 0) and (n, 0). We now look
at the d1 map between these two modules. Notie that E
n−1,0
1 is generated
by the string 01n−1 and En,01 is generated by the string 1
n
. Furthermore the
map
dn−1,01 : E
n−1,0
1 → E
n,0
1
is given by the multipliation by
[
n
n− 1
]′
q,t
= [n]q(1 + tq
n−1) and is inje-
tive. It turns out that En−1,02 = 0 and E
n,0
2 = R/([n]q(1+ tq
n−1)). Moreover
all the following terms En,0j are quotient of E
n,0
2 .
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Notie that every map between modules of kind {m}[t±1] and {m′}[t±1]
must be zero if m 6= m′. So we an study our spetral sequene onsidering
only maps between the same kind of modules.
First let us onsider an integer m that doesn't divide n. Say that m | n+c
with 1 ≤ c < m and set i = n+c
m
. The modules of type {m}[t±1] are:
E
λm−c−1,n+c−λ(m−2)−2i+1
1 generated by zm(i− λ)01
λm−c−1
E
λm−c,n+c−λ(m−2)−2i+1
1 generated by vm(i− λ)01
λm−c
for λ = 1, . . . , i− 1.
Here is a diagram for this ase (we use the notation h for {m}[t±1]):
h
d1
//
h
· · ·
d1
// · · ·
h
d1
//
h
0
))R
R
R
R
R
R
R
R
R
R
R
R/I
The map
d1 : E
λm−c−1,n+c−λ(m−2)−2i+1
1 → E
λm−c,n+c−λ(m−2)−2i+1
1
is given by the multipliation by
[
λm− c
λm− c− 1
]′
q,t
= [λm−c]q(1+tq
λm−c−1).
Sine ϕm(q) ∤ [λm− c]q the map is injetive and in the E2-term we have:
E
λm−c−1,n+c−λ(m−2)−2i+1
2 = 0
E
λm−c,n+c−λ(m−2)−2i+1
2 = {m}λm−c−1 = {m}m−c−1
for λ = 1, . . . , i− 1.
The other map we have to onsider is
dn−m,m−1m : E
n−m,m−1
m → E
n,0
m .
The module En−m,m−1m = {m}m−c−1 is generated by 1
m−101n−m and so the
map is the multipliation by
[
n
n−m
]′
q,t
. Sine (1 + tqn−1) divides the
oeient
[
n
n−m
]′
q,t
, the image of the map dn−m,m−1m must be ontained
in the submodule
(1 + tqn−1)En,0m = (1 + tq
n−1)R/([n]q(1 + tq
n−1))
that is in the quotient R/([n]q). Sine (ϕm(q), [n]q) = (1) (reall that m does
not divide n) there an be no nontrivial map between the modules {m}m−c−1
and R/([n]q). It follows that the dierential d
n−m,m−1
m must be zero.
As a onsequene the E2 part desribed before ollapses to E∞ and we
have a opy of {m}m−c−1 as a diret summand of H
n−2j−1(Cn) for j =
0, . . . , i− 2, that is for m ≤ n
j+1 .
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Now we onsider an integer m that divides n and let i = n
m
. The modules
of type {m}[t±1] are:
E
λm−1,n−λ(m−2)−2i+1
1 generated by zm(i− λ)01
λm−1
for 1 ≤ λ ≤ i− 1
E
λm,n−λ(m−2)−2i+1
1 generated by vm(i− λ)01
λm
for 0 ≤ λ ≤ i− 1.
The situation is shown in the next diagram (h = {m}[t±1]):
h
dm−1
((
R
R
R
R
R
R
R
R
R
R
R
h
0
//
h dm−1
))S
S
S
S
S
S
S
S
S
S
S
· · ·
0
// · · ·
dm−1
))S
S
S
S
S
S
S
S
S
S
S
h
0
//
h
The map
d1 : E
λm−1,n−λ(m−2)−2i+1
1 → E
λm,n−λ(m−2)−2i+1
1
is given by the multipliation by
[
λm
λm− 1
]′
q,t
= [λm]q(1 + tq
λm−1), but in
this ase the oeient is zero in the module {m}[t±1] beause ϕm(q) | [λm]q
and so we have that E1 = · · · = Em−1. So we have to onsider the map
d
λm,n−λ(m−2)−2i+1
m−1 : E
λm,n−λ(m−2)−2i+1
m−1 → E
(λ+1)m−1,n−(λ+1)(m−2)−2i+1
1
for λ = 0, . . . , i− 2.
This map orresponds to the multipliation by[
(λ+ 1)m− 1
λm
]′
q,t
=
[
(λ+ 1)m− 1
λm
]
q
(λ+1)m−1∏
j=λm+1
(1 + tqj−1).
It is easy to see that the polynomial
[
(λ+ 1)m− 1
λm
]
q
is prime with the
torsion ϕm(q) and so the map d
λm,n−λ(m−2)−2i+1
m−1 is injetive and the okernel
is isomorphi to
R
/ϕm(q), (λ+1)m−1∏
j=λm+1
(1 + tqj−1)
 ≃ ⊕
0≤k≤m−2
{m}k.
As a onsequene we have that
E
λm−1,n−λ(m−2)−2i+1
m =
⊕
0≤k≤m−2{m}k for 1 ≤ λ ≤ i− 1
E
λm,n−λ(m−2)−2i+1
m = 0 for 0 ≤ λ ≤ i− 2.
and all these modules ollapse to E∞. This means that we an nd ϕm(q)-
torsion only in Hn−2j(Cn) and for j ≥ 1 the summand is given by⊕
0≤k≤m−2
{m}k
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for d ≤ n
j+1 .
We still have to onsider all the terms En−m,m−1m = {m}[t±1] for m | n.
Here the maps we have to look at are the following:
dn−m,m−1m : E
n−m,m−1
m → E
n,0
m .
These maps orrespond to multipliation by the polynomials
[
n
n−m
]′
q,t
.
Moreover reall that
En,01 = R
/([
n
n− 1
]′
q,t
)
.
We an now use Lemma 3.1 to say that all the maps dn−m,m−1m are injetive
and Lemma 3.2 to say that
En,0n+1 = E
n,0
∞ =
⊕
m|n,0≤k≤d−2
{m}k ⊕ {1}n−1.
Sine En,0∞ = Hn(Cn), this omplete the proof of the Theorem. 
3.2. Other omputations. We may onsider the ohomology of GBn over
the module Q[t±1], where the ation is trivial for the generators ǫ1, . . . , ǫn−1
and (−t)-multipliation for the last generator ǫn. This ohomology is om-
puted by the omplex C∗n of Setion 3 where we speialize q to −1. So we
may use similar ltration and assoiated spetral sequene. We used this
argument in [CMS℄. Here we briey indiate a dierent and more onise
method, using the results of Theorem 1.1. We have:
Theorem 3.3.
Hk(GBn ,Q[t
±1]) = Q[t±1]/(1 + t) 1 ≤ k ≤ n− 1
Hn(GBn ,Q[t
±1]) = Q[t±1]/(1 + t) for odd n
Hn(GBn ,Q[t
±1]) = Q[t±1]/(1 − t2) for even n.
Sketh of proof. Consider the short exat sequene:
0→ Q[q±1, t±1]
1+q
−→ Q[q±1, t±1]→ Q[t±1]→ 0
and the indued long exat sequene for ohomology
· · ·→H i(GBn ,Q[q
±1,t±1])
1+q
−→H i(GBn ,Q[q
±1,t±1])→H i(GBn ,Q[t
±1])→· · · .
The result is now a straightforward onsequene of Theorem 1.1. 
4. More onsequenes
By means of Shapiro's lemma (see for instane [Bro82℄), the inlusions
introdued in Setion 2.2 an be exploited to link the ohomology of the
Artin group of type A˜n−1, An to the ohomology of GBn .
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4.1. Cohomology of GA˜n−1. Let M be any domain and let q be a unit of
M. We indiate by Mq the ring M with the GA˜n−1-module struture where
the ation of the standard generators is given by (−q)-multipliation.
Proposition 4.1. We have
H∗(GA˜n−1 ,Mq)
∼=H∗(GBn ,M [t
±1]q,t)
H∗(GA˜n−1 ,Mq)
∼=H∗(GBn ,M [[t
±1]]q,t)
where the ation of GBn on M [t
±1]q,t (and on M [[t
±1]]q,t) is given by (−q)-
multipliation for the generators ǫ1, . . . , ǫn−1 and (−t)-multipliation for the
last generator ǫ¯n.
Proof. Applying Shapiro's lemma to the inlusion A˜n−1 < GBn , one obtains:
H∗(GA˜n−1 ,Mq)
∼=H∗(GBn , Ind
GBn
G
A˜n−1
Mq)
H∗(GA˜n−1 ,Mq)
∼=H∗(GBn ,Coind
GBn
G
A˜n−1
Mq).
By Corollary 2.3, any element of Ind
GBn
G
A˜n−1
Mq := Z[GBn ]⊗GA˜n−1
Mq an be
represented as a sum of elements of the form τα ⊗ qm. Now, we have an
isomorphism of Z[GBn ]-modules
Z[GBn ]⊗GA˜n−1
Mq →M [t
±1]q,t
dened by sending τα ⊗ qm 7→ (−1)nαtαq(n−1)α+m and the result follows.
In ohomology we have similarly:
Coind
GBn
G
A˜n−1
Mq := HomG
A˜n−1
(Z[GBn ],Mq) ∼= M [[t
±1]]q,t.

By Propositions 4.1, in order to determine the ohomology H∗(GA˜n−1 ,Mq)
it is neessary to know the ohomology of GBn with values in the module
M [[t±1]] of Laurent series in the variable t. The latter is linked to the
ohomology with values in the module of Laurent polynomials by:
Proposition 4.2 (Degree shift).
H∗(GBn ,M [[t
±1]]q,t) ∼= H
∗+1(GBn ,M [t
±1]q,t).

This result was obtained in [Cal05℄ in a slightly weaker form, but it is
possible to extend it to our ase with little eort.
Let from now on M = Q[q±1]. In this ase we have M [t±1]q,t = Rq,t,
so we obtain the ohomology of the Artin group of ane type A˜n−1 with
Mq−oeients by means of Theorem 1.1.
In a similar way we get the rational ohomology of GA˜n−1 :
Proposition 4.3. We have
H∗(GA˜n−1 ,Q)
∼=H∗(GBn ,Q[t
±1])
H∗(GA˜n−1 ,Q)
∼=H∗(GBn ,Q[[t
±1]])
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where the ation of GBn on Q[t
±1] (and on Q[[t±1]]) is trivial for the gener-
ators ǫ1, . . . , ǫn−1 and (−t)-multipliation for the last generator ǫn.
To obtain the rational ohomology of GA˜n−1 we may apply Proposition
4.2 together with Theorem 3.3.
4.2. Cohomology of GAn with oeient in the Tong-Yang-Ma rep-
resentation. The Tong-Yang-Ma representation is an (n + 1)-dimensional
representation of the lassial braid group GAn disovered in [TYM96℄. Be-
low we just reall it, referring to [Sys01℄ for a disussion of its relevane in
braid group representation theory.
Denition 4.4. Let V be the free Q[u±1]-module of rank n+1. The Tong-
Yang-Ma representation is the representation
ρ : GAn → GlQ[u±1](V )
dened w.r.t. the basis e1, . . . , en+1 of V by:
ρ(σi) =

Ii−1
0 1
u 0
In−i

where Ij denote the j-dimensional identity matrix and all other entries are
zero.
Notie that the image of the pure braid group under the Tong-Yang-
Ma representation is abelian; hene this representation fators through the
extended Coxeter group presented in [Tit66℄.
Proposition 4.5. We have
H∗(GBn ,M [t
±1]q,t) ∼= H∗(GAn ,Mq ⊗ V )
H∗(GBn ,M [t
±1]q,t) ∼= H
∗(GAn ,Mq ⊗ V )
where eah generator of GAn ats on Mq ⊗ V by (−q)-multipliation on the
rst fator and by the Tong-Yang-Ma representation the seond fator.
Sketh of proof. For the statement in homology, by Shapiro's lemma, it is
enough to show that Ind
GAn
GBn
M [t±1]q,t ∼= Mq ⊗ V .
Notie that [GAn : GBn ] = n + 1 and let hoose as oset representatives
for GAn/GBn the elements αi = (σiσi+1 · · · σn−1)σn(σiσi+1 · · · σn−1)
−1
for
1 ≤ i ≤ n− 1, αn = σn, αn+1 = e.
Then by denition of indued representation, there is an isomorphism of left
GAn-modules,
Ind
GAn
GBn
M [t±1]q,t =
n+1⊕
i=1
M [t±1]ei
where the ation is on the r.h.s. is as follows. For an element x ∈ GAn ,
write xαk = αk′x
′
with x′ ∈ GBn . Then x ats on an element r · ek ∈⊕n+1
i=1 M [t
±1]ei as x(r · ek) = (x
′r) · ek′ .
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Computing expliitly this ation for the standard generators of GAn , we an
write the representation in the following matrix form:
σi 7→

−qIi−1
0 −q
q−1t 0
−qIn−i

for 1 ≤ i ≤ n− 1, whereas
σn 7→
 −qIn−1 0 1
−t 0
 .
Conjugating by U = Diag(1, 1, . . . , 1,−q−1) and setting u = −q−2t, one ob-
tains the desired result.
Finally, sine [GAn : GBn ] = n + 1 < ∞, the indued and oindued repre-
sentation are isomorphi; so the analogous statement in ohomology follows.

In partiular the ohomology of GBn determined in Theorem 1.1 is iso-
morphi to the ohomology of GAn with oeient in the Tong-Yang-Ma
representation twisted by an abelian representation.
By means of Shapiro's lemma, we may as well determine the ohomology
of GAn with oeient in the Tong-Yang-Ma representation. Indeed:
Proposition 4.6. We have
H∗(GBn ,Q[t
±1]) ∼= H∗(GAn , V )
H∗(GBn ,Q[t
±1]) ∼= H∗(GAn , V )
where V is the representation of GAn dened in 4.4.
As a onsequene we have
Corollary 4.7. Let V be the (n+1)-dimensional representation of the braid
group Brn+1 dened in 4.4. Then the ohomology
H∗(Brn+1, V )
is given as in Theorem 3.3.
Remark 4.8. In partiular the homology of GA˜n−1 with trivial oeients is
isomorphi to the homology of GAn with oeients in the Tong-Yang-Ma
representation.
5. Related topologial onstrutions
We refer to [CMS℄ for the few hanges whih have to be done to the
onstrution given in [Sal94℄ (see also [Sal87℄) for non-nite type Artin groups
(but still nitely generated). We obtain a nite CW-omplex XW , expliitly
desribed, whih is a deformation retrat of the orbit spae of the Artin
group. The latter is dened as the quotient spae
M(A)W := M(A)/W.
where
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M(A) := [U0 + iRn] \
⋃
H∈A
HC
U0 ⊂ Rn being the interior part of the Tits one of W, while A is the hyper-
plane arrangement ofW. The assoiated Artin group GW is the fundamental
group of the orbit spae (see [Bou68, Vin71, Bri71, Dun83, vdL83℄).
The simplest way to realize XW is by taking one point x0 inside a hamber
C0 and, for any maximal subset J ⊂ S suh that the paraboli subgroup WJ
is nite, onstrut a |J |-ell (a polyhedron) in U0 as the onvex hull of the
WJ -orbit of x0 in Rn. So, we obtain a nite ell omplex whih is the union of
(in general, dierent dimensional) polyhedra. Next, there are identiations
on the faes of these polyhedra, whih are the same as desribed in [Sal94℄
for the nite ase. The resulting quotient spae is a CW-omplex XW whih
has a |J |-ell for eah J ⊂ S suh that WJ is nite. We show an example in
the ase A˜2 (g. 4).
Figure 4. the spaeK(GA˜2 , 1) is given as union of 3 exagons
with edges glued aording to the arrows (there are: 1 0-ell,
3 1-ells, 3 2-ells in the quotient).
Remark 5.1. When W is an ane group, the orbit spae is known to be
a K(π, 1) for types A˜n, C˜n (see [Oko79, CP03℄) and reently for type B˜n
([CMS1℄); see [CD95℄ for further lasses.
Remark 5.2. The standard presentation for GW is quite easy to derive from
the topologial desription of XW ; we may thus reover Van del Lek's result
[vdL83℄.
It follows
Proposition 5.3. Let KfinW := {J ⊂ S : |WJ | < ∞} with the natural
struture of simpliial omplex. Then the Euler harateristi of the orbit
spae (so, of the group GW when suh spae is of type K(π, 1))) equals
χ(KfinW ).
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If W is ane of rank n+ 1 we have
χ(M(A)W ) = χ(K
fin
W ) = 1− χ(S
n−1) = (−1)n
If W is two − dimensional (so, all 3-subsets of S generate an innite group)
of rank n then
χ(M(A)W ) = 1− n+m
where m is the number of pairs in S having nite weight (m = n(n−1)2 if there
are no ∞-edges in the Coxeter graph).
Proof. The rst two statements were already remarked in [CMS℄. The last
one is lear. 
Remark 5.4. The ohomology of the orbit spae in ase A˜n with trivial
oeients is dedued from Corollary 4.3 and from Theorem 3.3; that with
loal oeients in the GA˜n-module Q[q
±1] is dedued from Theorem 1.1.
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